The existence of solutions for the nonlinear functional differential equation governed by the variational inequality is studied. The regularity and a variation of solutions of the equation are also given.
INTRODUCTION
In this paper, we deal with the existence and a variational of constant formula for solutions of the nonlinear functional differential equation governed by the variational inequality in Hilbert spaces.
Let H and V be two complex Hilbert spaces. Assume that V is dense subspace in H and the injection of V into H is continuous. The norm on V (resp. H) will be denoted by I1"11 (resp. l" 1) ) dt + Ax(t),x(t) z + dp(x(t)) dp(z) <_ (f(t,x(t))+k(t),x(t)-z), a.e. 0<t<_ T, zE V, x(O) xo. (VIP) Noting that the subdifferential operator 0b is defined by Od?(x) {x* E V*; q(x) _< 4)(y) + (x*, x y), y V ) where (., .) denotes the duality pairing between V* and V, the problem (VIP) is represented by the following nonlinear functional differential problem on H: dx(t) + Ax(t) + Odp(x(t)) f(t, x(t)) + k(t), 0 < <_ T, dt (NDE) x(O) xo.
The existence and regularity for the parabolic variational inequality in the linear case (f= 0), which was first investigated by Brrzis [5, 6] , has been developed as seen in Section 4.3.2 ofBarbu [3] (also see Section 4.3.1 in [2] ).
When the nonlinear mappingfis a Lipschitz continuous from I V into H, we will obtain the existence for solutions of(NDE) by converting the problem into the contraction mapping principle and the norm estimate of a solution of the above nonlinear equation on L2(0, T; V)f W1'2(0, T; V*) N Therefore, combining this with (3.1), we conclude that
for arbitrary e > 0.
We establish the following results on the solvability of (NDE). 
O<t<T, (3.5) We are going to show that x H y is strictly contractive from L2(0, To; V)
to itself if the condition (3.4) is satisfied. Let Yl, Y2 be the solutions of (3.5) with x replaced by xl,x2 L2(0, To; V) respectively. From (3.5) it follows that d d-(y (t) y2(t)) + A(yl (t) y(t)) + Odp(yl (t)) Oc(y2(t)) 9 f(t,x(t)) -f(t, x2(t)), > O.
Multiplying on both sides ofy(t) y2(t) and using the monotonicity of 0b, we get d-----t-+ Ay(t) + 0(y(t)) 9 k(t), 0 < < To,
Then, since d d--(x(t) y(t)) + A(x(t) y(t)) + cg(x(t)) Oc(y(t)) 9 f(t,x(t)),
by multiplying by x(t) y(t) and using the monotonicity of 0 and (2.2), the solution of (NDE) with (Xoi, ki) in place of (Xo, k) for i= 1,2. Multiplying on (NDE) by xl(t) x2(t), we have Let 9t be a bounded domain in n with smooth boundary 0. We take V w0m'2(), Let g(t, u, x,p), p E ]1m, be assumed that there is a continuous p(t, r)"
x IR + and a real constant < -), such that dx(t) dt + Ax(t), x(t) z + O(x(t) < (f(t, x(t)) + k(t), x(t) z), a.e. 0 < < T, z H, x(0) x0
